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Abstract. We consider the Hill operator 

Ly = —y + v(x)y, < x < n, 

subject to periodic or antiperiodic boundary conditions (6c) with 
potentials of the form 

v{x) = ae~ 2irx + be 2lsx , a,b^0, r, s G N, r ^ s. 

It is shown that the system of root functions does not contain a 
basis in L 2 ([0, tt], C) if be are periodic or if be are antiperiodic and 
r, s are odd or r — 1 and s > 3. 
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1. Introduction 

We consider the Hill operators L = Lp er ±(v) with smooth 7r-periodic 
(complex-valued) potentials v 

(1.1) Ly = —y" + v(x)y, < x < n, 

subject to periodic (Per + ) or antiperiodic (Per~) boundary conditions: 

Per*: y(ir) = ±y(0), y'(ir) = ±y'(0). 

See basics and details in [15]. 

If v is real- valued, then L Per ±(v) is a self-adjoint operator with a 
discrete spectrum. The system of its normalized eigenf unctions 

(1-2) $ = {<fk ■ L(p k = \ k (p k , 11^11 = 1} 

is orthonormal, and the spectral decompositions 

(1-3) / = ^2(f,<Pk)<Pk 

k 

converge (unconditionally) in L 2 ([0,7r]) for every / e L 2 ([0, 7r]). 

If v is a complex- valued potential the picture becomes more compli- 
cated-see [Til H21 M, UM UM M> M> M> [25]. In 2006 A. Makin pHE] 
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and the authors [3j Thm 71] gave the first examples of such potentials 
that the system of root functions for periodic or antiperiodic boundary 
conditions does not contain a basis in L 2 ([0,7r]) even though there all 
but finitely many eigenvalues are simple. 

It is well known that the spectra of the operators Lp er ± are dis- 
crete, and the following localization formulas hold (see, for example, 
[I Prop 1]): 

(1.4) Sp(L Per ±) clhvU |J D n , #{Sp{L Per ±)nD n } = 2, 

n>N, jier± 

where D n = {z : \z - n 2 \ < 1}, T+ = 2N, r - = 2N - 1, N = N(v), 

(1.5) U N = {z = x + iy G C : \x\ < (N + 1/2) 2 , \y\ < N}. 
In either case the spectral block decompositions 

(1.6) g = S N g+ V^GL 2 ([0,vr]), 

n>N, ner± 

where 
(L7) 

S N = — (z - L PeT ±)~ x dz, P n = -— <z - L Per ±)~ l dz, 



converge unconditionally in L 2 ([0, it]). This is true even if the ^-periodic 
potential v is singular, i.e., v G H^ c (E), as A. Savchuk and A. Shkalikov 
showed in [22]. An alternative proof is given in [5]. 

The unconditional convergence of decompositions (jl.6p implies that 
for every set A (finite or infinite) of even (or odd) integers n > N the 
sum of projections 

(1.8) P(A) = YP, 



keA 



k 



converges unconditionally, so the projections -P(A) are well defined and 

(1.9) sup||P(A)|| < M{v) < oo. 

A 

Invariant subspaces E(A) = RanP(A) have {Pk, k G A} as their 
Riesz system of projections, dim P^ = 2. 

Could Pk be split to give a basis of root functions for E(A)7 We put 
the question in this way because for one and the same operator L Per ± (v) 
the answer could be yes and no depending on A. For example, if 

v (x) = ae- Wlx + be Wix 

and 

(1.10) A = {n G r ± : n ^ mod 5}, 
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then the answer is positive, but for Ai = 5N the answer is no if \a\ ^ \b\, 
and yes if \a\ = \b\. We explain this phenomenon in Section 4 (see 
Proposition [191). 

In view of (11.81) and (II. 9p . the following holds (see Corollary 10 in 
[9j Section 3] for details). 

Remark 1. // A is an infinite set of even (or odd) integers, then 
the corresponding system of periodic ( or antiperiodic ) root functions 
contains a basis of E(A) if and only if it contains an unconditional 
basis of E(A). 

The spectra localization formula (II. 4p allows us to apply the Lyapunov- 
Schmidt projection method (see [21 Lemma 21]) and reduce the eigen- 
value equation Ly = Ay to a series of eigenvalue equations in two- 
dimensional eigenspaces E® of the free operator. This leads to the 
following (see [3j Section 2.2]). 

Lemma 2. Let L be a Hill operator with a potential v £ L 2 . Then, for 
large enough n £ N, there are functional a n (v; z) and /3^(f ; z), \z\ < n 
such that a number A = n 2 + z, \z\ < n/4, is a periodic (for even n) or 
anti-periodic (for oddn) eigenvalue of L if and only if z is an eigenvalue 
of the matrix 

a n {v]z) f3~(v;z) 
0£{v;z) a n (v;z) 

Moreover, a n (z;v) and f3^(z;v) depend analytically on v and z, and 
z n = Ki ~ 7)2 an d z n = -^n ~ n2 are ^ e on ^V solutions of the equation 

(1.12) (z - a n (v; z)) 2 = z)P+(v; z). 

The functionals a n (v ; z) and P^iy ; z) are well defined for large enough 
n by explicit expressions in terms of the Fourier coefficients of the 
potential (see [3], Formulas (2.16)-(2.33)] for Hill operators with L 2 - 
potentials). 

Here we provide formulas for a n (v; z) and /3„(v; z) using the combi- 
natorial approach that has been developed in j2j H] and used there to 
obtain the asymptotics of the spectral gaps 7„ = A^ — A~ for potentials 
of the form v(x) = a cos 2x + 6cos4x. 

For each n £ N a walk x from — n to n (or from n to —n or from n 
to n) is defined through its sequence of steps 

(1.13) x = (x(t))t+i, l<v = v{x)<oo, 
where x(t) £ 2Z \ {0}, and respectively, 

u+l / v+l u+l 

(1.14) ^x(t) = 2n [or ^x(t) = -In or J^x(t) = 
t=i \ t=i t=i 



XIV, 



4 PLAMEN DJAKOV AND BORIS MITYAGIN 

A walk x is called admissible if its vertices j(t) = j(t,x) given, respec- 
tively, by 

(1.15) j(0) = -n or j{0) = +n 
and 

t t 

(1.16) j{t) = -n + y^xii) or j(t) = n + 5^a;(i), l<t<z/ + l, 

i=l »=1 

satisfy 

(1.17) j{t) ^±n for 1 < t < v. 
Let 

(1.18) v = y{m)e imx 

m€2Z 

be the Fourier expansion of the potential v with respect to the system 
{e tmx , m G 2Z}, and let X n ,Y n and W n be, respectively, the set of all 
admissible walks from — n to n, from n to —n and from n to n. For 
each admissible walk x we set 

(1.19) *) = Y[[n 2 - 3 {tf + z)~\ h{x) = h x {x) J] V(x{t)); 

t=\ t=i 

then 
(1.20) 

i:ex n xey„ 
The core of our approach is analysis of asymptotic behavior of the 
functionals 0^(z) = (3^(v;z). In particular, the following criterion 
(which is a slight modification of Theorem 1 in [7] or Theorem 2 in 
[6]) gives a constructive approach to determine the basisness proper- 
ties of the root function system. 

Criterion 3. Let v G L 2 ([0,7r]), and let A C T+ (or A C T~) be an 

infinite set of sufficiently large numbers. If A = A U A 1; where 

(1.21) p+(z)=p-(z)=0 for rgA 0i 

(1.22) #(0)^0, #7(0)^0 forneA, 
and there is a constant c > such that 

(1.23) c-^n (0)1 <\Pi{z)\<c 1/3^(0)1, forneA,, \z\ < 1, 
then: 

(a) for large enough n G A, the operator L Per ±(v) has in the disc 
D n = {z : \z— n 2 \ < 1} exactly one periodic (or antiperiodic) eigenvalue 
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of geometric multiplicity 2 if n G A , and exactly two simple periodic 
(or antiperiodic) eigenvalues if n G A x ; 

(b ) the system of root functions of Lp er ± (v) contains a Riesz basis 
of E(A) if and only if 

(1.24) limsupt n (0) < oo, 

neAi 

where 

(1.25) t n (z) = max{|/3 n »|/|/3 n + (^)|, \^{z)\/\^{z)\}. 

In the framework of this criterion one can explain practically all 
known cases of existence or non-existence of bases consisting of root 
functions of the operators L Per ±(v) for specific classes of potentials v. 
For example, the main result in follows from Criterion [3J 

In general form, i.e., without the restrictions fll.2ip - (ll.23p . Cri- 
terion [3] is given in [S] in the context of ID Dirac operators but the 
formulation and proof are the same in the case of Schrodinger oper- 
ators (see Proposition 19 in [9]). Moreover, the same argument gives 
the following more general statement. 

Criterion 4. Let T + = 2N, = 2N — 1 in the case of Hill operators 
with H ^.-potentials, and T + = 2Z, r~ = 2Z — 1 in the case of one 
dimensional Dirac operators with L 2 -potentials. There exists N* = 
N*(v) such that for \n\ > N* the operator L = Lp er ±(v) has in the disc 
D n = {z : \z— n 2 \ < n/2} (respectively D n = {z : \z—n\ < 1/2}) exactly 
two periodic (for n G or antiperiodic (for n G T~ ) eigenvalues, 
counted with multiplicity. Let 

M ± = {neT ± : n> N„ X~ + A+}. 

(a) //Acr 1 is an infinite set such that \n\ > iV* for jigA, then 
the system of periodic ( or antiperiodic ) root functions contains a Riesz 
basis in E(A) if and only if 

(1.26) limsup t n (z*) < oo, 

neAnM ± 

where z* n = |(A~ + A+) — A° with A° = n 2 for Hill operators and A° = n 
for Dirac operators. 

(b ) The system of root functions of Lp er ± (v) contains a Riesz basis, 
(respectively, in L 2 ([0,7r]) in the Hill case or in L 2 ([0, 7r], C 2 ) in the 
Dirac case) if and only if U.26]) holds for A = V . 



Another interesting abstract criterion of basisness is the following. 
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Criterion 5. The system of root functions of the operator Lp er ±(v) 
contains a Riesz basis in E(A) if only if 

(1.27) limsup < oo, 

neAnA^± |A n ~ I 

where (for large enough n) fi n is the Dirichlet eigenvalue close to n 2 . 

In the case A = this criterion was given (with completely different 
proofs) in [13] for Hill operators with L 2 -potentials and in [9] for Hill 
operators with //"^-potentials and for one-dimensional Dirac operators 
with L 2 -potentials as well. The proof of the criterion in the more 
general case A C T ± is the same. 

However, if one wants to apply Criterion [5] to specific potentials v, 
say v(x) = a cos 2x + 6cos4x with a, b G C, it is necessary first to 
obtain the asymptotics of the spectral gaps |A+ — A~| and deviations 
— A^|, what is by itself quite a difficult problem. 

In [6j [7] we considered low degree trigonometric polynomials with 
nonzero coefficients v(x) of the form 

(i) ae~ 2lx + be 2lx ; 

(ii) ae~ 2ix + Be 4ix ; 

(iii) ae~ 2ix + Ae~ 4ix + be 2ix + Be 4ix . 

It is shown that the system of eigenfunctions and (at most finitely 
many) associated functions is complete but it is not a basis in L 2 ([0, 7r], C) 
if \a\ 7^ \b\ in the case (i), if \A\ ^ \B\ and neither —b 2 /4B nor — a 2 /AA 
is an integer square in the case (iii), and it is never a basis in the 
case (ii) subject to periodic boundary conditions. In connection with 
Example (iii) see also [Tj, [21] • 

In this paper we extend the analysis of the above example (ii) to 
potentials of the form 

v (x) = ae~ 2irx + be 2isx , a, b ^ 0, r, s e N, r ^ s. 

In Section 2, Theorem [TTJ, it is shown that the system of root func- 
tions does not contain a basis in L 2 ([0, tt], C) for periodic be or if be is 
antiperiodic but r, s are odd. 

In Section 3, the case r = 1, s > 2 any (i.e., odd or even) with 
antiperiodic boundary conditions is completely analyzed as well, and 
it is shown that the system of root functions does not contain a basis 
in L 2 ([0,tt],C) - see Theorem [TgJ 

In our proofs we face series of questions related to enumerative com- 
binatorics and diophantine equations. Their solution would dramati- 
cally extend the class of trigonometric polynomial potentials v(x) for 
which the problem of convergence of spectral decompositions could be 
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resolved. In our study of potentials (iii) in [2j H] we discover a combina- 
torial identity (see also [DEI]) that could be a prototype of such results. 
In this connection see [10] for more comments and open problems. 

Acknowledgement. Some of the main results of this paper have 
been obtained at the Mathematisches Forschungsinstitut Oberwolfach 
during our three week stay there in August 2010 within the Research 
in Pairs Programme. We appreciate the hospitality and creative atmo- 
sphere of the Institute. 

2. TWO EXPONENTIAL TERM POTENTIALS 

1. Our main objects are the potentials of the form 

(2.1) v(x) = ae~ 2Rix + be 2Slx , a, b + 0, 
with R, S G N, R ^ S. Then 

(2.2) R = dr, S = ds, where r, s are coprime; 

they are the main parameters in what follows. 

In view of (12. ip . an admissible path x = (x(t))^ from —nton gives 
a non-zero term h(x, z) in (3£(z) (see (11.201) ) if and only if 

(2.3) x(t) E {-2R,2S}, t = l,2,...,z/+l. 
Let x be such a path, and let 

(2.4) p = #{t : x(t) = -2R}, q = #{i : x(t) = 25}. 
Consider 

(2.5) n G A := (rsd)N, i.e., n = rsdm, m G N; 
then 

(2.6) — 2Rp + 2Sq = 2n, sq = rp + rsm. 
and therefore, 

(2.7) q = rq, p = sp with q=p + m. 

Under the assumptions (12.41) - (12.71) we denote by X n {p) the set of all 
admissible paths from — n to n with p = ps negative steps — 2R and 
q = qr positive steps 25*. Then n G A (see (12. 5p ) implies 

(2.8) #X n (0) = 1, X n (0) = {£*}, 
where 

(2.9) x*(k) = 2sd, f k :=j(k,x*) = -n + 2sdk, l<k<rm — l. 
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Therefore, for n = rsdm we have n 2 — (H) 2 = 4s 2 d 2 k(rm — k), which 
implies that 

rm—1 j yrm 

(2.10) h(x*, 0) = b rm Jl ^ _ ^ 2 = (4s2d2)rm _ 1[(rm _ 1)!]2 - 
Moreover, in these notations, we have 

oo 

(2.11) /3„ + W = E E h ( x > z )> 

p=0 x£X n (p) 

where, for x G X n (p), 
(2.12) 

p+q-l 

h(x,z) = aPb^hi(x,z), hi(x,z) = jQ (n 2 — j(t, x) 2 + z) 

t=i 

2. Next we show that the leading term in the asymptotics of f3^(z) 
is determined by h(x*, 0) only. Fix p > 1 and x G X n (p); choose a set 
of vertices j(t k , x), k = 1, . . . rm — 1 so that 

(2.13) < 5 k := H — j(t k , x) <2S = 2sd. 

(This is possible since the positive steps of x are equal to 25'.) 
We have hi(x, z) = ITi(z) ■ n 2 (;z), where 

rm—1 

ni(*)= \{{n 2 - j{t k ,xf + z)- 1 

k=l 

and 112(2;) is the product of those factors of h\(x,z) which are not 
included in Tli(z). In view of (12.41) and (12. 7p . the number of factors in 
n 2 (z) is equal to 

v(x) — (rm — 1) = p + q — 1 — (rm — 1) = (r + s)p. 

For n > 2 and \z\ < 1 we have 

\n 2 - j(t k , x) 2 + z\ > \n 2 - j(t k , x) 2 \ - 1 > 2n - 2 > n, 

so the absolute value of each factor is less than 1/n. Therefore, 

(2.14) |n 2 (z)| < (l/n) (r+s)p . 

To estimate IIi(z) we need the following (compare with Lemma 2]). 

Lemma 6. // {ji, . . . , ]k} C {j = —n + 2t, t = 1, . . . , n — 1}, then for 
large enough n and \z\ < 1 

K / K \ . . 

4 logn 



(2.15) X\\n 2 -jl+z\-' = mi" 2 -^!" 1 Wo)' \ »\ ^ 



k=l \k=l 



n 
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Proof. Indeed, we have 



= n ii^l i = e -«n _ i 



where u>„ = J2k=i 1°S + rc 2 -C? fc ) 2 ) ' Therefore, by the inequality 

oo 

|log(l + C)|<^|Cl' £ <2|C| for |C| < 1/2, 



fc=i 



it follows that for large enough n 

, A 2|z| £=i 2 1^1 21ogn 1 
\ w < \ U <\ = _\ _< 2_ < 

k=i KJKJ k=i v 1 k=i 

On the other hand, if |iy| < 1/2 then \e~ w — 1| < |u>| fc < 2|iu|, 

which implies (I2.15p . □ 

Now we could estimate the product H±(z) by Lemma El Indeed, if 
3k = j{tk, x) then due to the choice of t k (see (12. 13[) ) the vertices j k are 
distinct and — n < j k < n. Therefore, (I2.15P implies that 



(2.16) III (2) = ni(0)(l + 9 n ), where \6 n \ = O 



logn 



n 



3. Next we estimate II 1 (0) by comparing it with hi(x*,0). To this 
end we need the following. 

Lemma 7. Let n, K, S e N and n > (K + l)^, and let 
(2.17) 

j k = ±(n-2kS), 0<S k <2(S-d), k — 1, . . . ,K, de(0,S). 
Then 

(This lemma is a more general assertion than Lemma 12 in [7] , where 
S = 2 and 5 k = 2 so d = 1.) 

Proof. First we consider the case j k = — (n — 2kS), i.e., moving forward 
from —n to +n. Then n — jk = 2n — 2kS > 2S, and we have 

n 2 - (jk) 2 _ (n + j k )(n-j k ) n + j k 



n 2 - {j k - 5 k ) 2 (n + j k - 4) - jfc + 4) n + jfc - 4 
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If jk = —n + 2Sk, then 

n + jk ( \ 5k ^ X < fi S ~~ d 



n + jk — Sk \ 2kS J \ kS 
Therefore, the product in ("12.181) does not exceed 

7A- 1 „ . , d 



n ( l - r) < C^ 7 where 7 = 1 - c> c = 
fe=i 

When we are moving backward from +n to — n, then jk = n — 2Sk, 



so 



™ + jfc A ^ \ 1 . A (S-d) - 1 



< 1 



n + j fc - 4 V 2n-2kSJ ~ \ (K + 1 - fc)5 
Therefore, the product in ("12. 181) does not exceed 

flfa- K+l-k ) 1 ^ Cn " where 7 = 1-|, C = 0( 7 ), 
fc=i ^ 

which completes the proof. 



□ 



4. By Lemma El |n 1 (z)/n 1 (0)| = 1 + ((log n)/n) . On the other 
hand, applying Lemma [7] to Hi(0) / hi(x* , 0) we obtain (since 5 = sd) 

ni(o) < Cfi 1 - 1 /^!^*^). 

Together with the estimate (12. 14j) for Il 2 , this leads to 
\h t {x, z)\/hi(x*,0) < Cn 1 - 1/s (l/n) {s+r)p . 
Let us take into account the coefficients a, b of the potential. We set 

(2.19) T = max{|a|,|6|}; 
then 

(2.20) IWI Jfl^f <c , H /.fir | 



|/i(x*,0)| \b\ rm hi(x*,0) ~ \nj 
because p + q — rm = (r + s)p due to (12.41) and (12.71) . 

5. The number of paths x G X n (p) does not exceed 

(2.21) #X n (p)< ( P p 
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In view of (E 
(2.22) 



4LX M < f(s + r)p + rm\ j ^[{s + 2r)m]« if p < m, 
#nWS V S P ) S \ 2 (^)p i£p>m. 

By (jZZDD and (12T22I) . it follows that 

oo 

(2.23) £ ^ |%,*)|< \h(x*,0)\(a 1 + a 2 ), 

p=l x€X n (p) 



where 



rn 

p=m+l ^ ' 



(s+r)p 



00 /T^\ 

Since n = rsdm we have 



rp\(s+r)p / s _^_2r\ sp [T\ rp fTi^ rp 



[(s + 2r)m] sp - = T , . . . . 

\ny \ rsa / \n J \ n 

where 7\ = T (T s -^ r ) s/r . Therefore, for n > 27\ + 1, 

ai = CVi 1 ^ ^(Ti/n) rp < 2Cn 1 - 1 s(T 1 /n) r < Cm 1 -*'- 
P =i 

where G\ = Ci(r,s,T). 

The second sum a 2 is much smaller than the first one: 

00 / zLT\ (s+r)p 
a 2 <Cn l - l l s ( — ) ^Can 1 -^)^ 1 )-^ 



p=m+l 



where C 2 = C^r, s,T). 

In view of (12.231) . the obtained estimates for o\ and 02 prove that 

00 

(2.24) £ ^ |/i(x,z)| <C(r,s J T)|/ l (a;* J 0)|n 1 - p -i |z| < 1. 
p=i xex(p) 

Hence, the following is true. 

Lemma 8. For large enough n = mdsr, m G N, 

(2-25) ^/3+(0)<|/3+(z)|<2/3+(0) 
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and 

(2.26) /3+(0) = h(x*,0) (l + (n 1 ^)) 

with 

(7 \ rm 

6. To analyze the paths y EY n from n to —n, i.e., 

(2.28) = -2n, 

i 

we can just exchange the roles of R and S and repeat the above state- 
ments with proper adjustments. Then 

Y n (0) = {y*}, y*(t) = -2R, 1 < t < sm - 1, 

and the following holds. 

Lemma 9. For large enough n = mdsr, m G N, 
(2-29) |/?-(0) < < 2/3-(0) 

and 

(2.30) /?-(o) = My*, o) (i + o (n 1 - 8 ^)) 

with 

(2.31) %*, 0) = 4r 2 d 2 (_) ((am - l)!)- 2 . 

Remark 10. If R = 1 i/ien d = r — 1, S = s, and for any n if we go 

backward from +n to —n it could be done without using forward steps 
+2s. Analogues of h2. 30\) could be given for any s - see Section 3.5. 

7. The set A defined in ( 12. 5ft certainly contains infinitely many 
even integers because m could run over 2N. But if rsd is even, then 
A n (2N + 1) = while A n (2N + 1) is infinite if rsd is odd, i.e., if R 
and S are odd. In any case, if R ^ S, say R < S, 

min{|/3±(0)//^(0)|, n = {rsd)m} < (C 3 ) m ^ m ~ ^ < (C,) m m-^ m . 

[sm — 1)1 

In view of Criterion [3j these observations lead to the following. 

Theorem 11. For any potential v in h2.1\) there is no basis consisting 
of root functions of L Per +{y). If R and S are odd, the same is true for 

Lper-{v). 
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3. Potentials ae~ 2ix + be 2six , s > 2. 

1. If we analyze be = Per~ in the case the potential is of the form 
(12. ip and one of the parameters r, s in (I2.2p is even then the construc- 
tions in Section 2 cannot be applied to give us a negative statement 
like Theorem [Til In this section we present elaborate analysis in the 
case r = 1, s > 2 and 

(3.1) A = {n = sm - 1, m G N}. 

Observe, that if s is even, then A consist of odd numbers, and if s is 
odd then A n (2N - 1) ^ and A n 2N ^ 0. So, by showing that 

inf{|/3±(0)/|/^( )| : n G A, n > N(v)} = 

we would obtain by Criterion [3] that there is no basis in L 2 ([0,7r]) 
consisting of root functions of Lp er - (v) for potentials of the form 

(3.2) v{x) = ae~ 2ix + Be 2six , a,b^0, s > 3. 

Let us remind that Theorem [TTJ in Section 2 considers the operators 
Lp er +(v) for any s. Its claim follows from Criterion [3] because 

mf{|/3±(0)/|/^(0)| : n G sN, n > N(v)} = 0. 

In the sequel we write for convenience h±(x) instead of hi(x,0), and 
h(x) instead of h(x,0). 

2. Fix n = sm — 1; a path x = (x{t))^ from — n to n gives a 
non-zero term h(x, z) in (3£(z) if and only if (compare with (12. 3p ) 

(3.3) x(t) = -2 or x(t) = 2s. 
Set 

(3.4) P = #{t: x(t) = -2, 1 < t < u(x) + 1}, 

q = #{t: x(t) = 2s, l<t< v(x) + 1}; 

then we have 

(3.5) 2n = —2p + 2sq =>■ sm — 1 = — p + sq =>■ p = 1 + s(g — m). 
We set 

(3.6) p = 1 + sk, q = m + k 

to satisfy (13.51) . and define X h (k) as the set of all admissible paths 
satisfying (13. 3p which parameters p and q are given by (13. 6p . Then 

(3.7) #X„(0)=m + l, 
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and with p = 1, q = m a path £ T e X n (0) is uniquely determined by 
the position r of its only step —2. In other words, the paths in X n (0) 
are given by 

(3.8) £ r 0O = <_ 2 ^ r l<r, t<m + l. 

Among them the two paths and £ m+1 are special in the sense that 
h^ 1 ) = /ii(£ m+1 ) < 0, while In(i T ) > for r = 2,...,m. More 
precisely, since j(t, = — n — 2 + 2s(t — 1), we have 

n 2 - = n 2 - (-n - 2) 2 = -4(n + 1) = -4ms 

and 

n 2 -j{t+l, £*) 2 = n 2 -(-n-2+2st) 2 = As(m-t)(st-l), t = 1, . . . , m-1, 
so it follows that 

m _ /m—1 N 

(3.9) m«') = riv - = (n (* - 1) 

By symmetry /ii(£ m+1 ) = ^i(^ x ), so we obtain for their sum 

(3.10) h 1 (e) + h 1 (r +1 ) = -H-(m) 
with 

(3.11) H-(m)= , 2 , (T\(st-1)\ = , l S , V* ■ 

v ; v ; (4s) m m! I ') (2s) 2m m! T(m - 1) 

For £ r with 2 < r < m we have 



(3.i2) 

By (JSHJ and (l3~T2l) 



-n + 2st, £<r-l, 

-n-2 + 2s(t- 1), r<t<m. 



Ast[(m-t)s - 1], 1 < t < r - 1, 

4s(s(t - 1) - l)(m - (i - 1)), r<t<m, 



which implies, for 2 < r < m, that 
(3.13) 



\t=m— t+1 / \t=r— 1 
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One can easily see that the sum 

m 

(3.14) if+ = if+(m) := 5>i(0 

2 

can be written (if we change r to r — 1) as 
(3.15) 

H -(4iF^ d (m-r)! \\\ { St ~ l) 

We set a = 1/s; then 

(3.16) a < 1/2 (so 1 - 2a > 0) for s > 2. 
Let 

(3 17) A (k) - ^n^-tt) _ aT(k-a) 

(3.17) fc , - r (i-a)r(jfc + i)' - ' 

(3.18) A a (0) = 0, A a (l) = a. 
Then 

m— 1 

(3.19) 2A a (m) x (#+ / H~) = ^ A a (r)A a (m - r), 

T = l 

and 

oo 

(3.20) A Mw k = f a (w) := 1 - (1 - w) a 

happens to be a nice generating function. The right-hand side of (13. 19j) 
is the m-th Taylor coefficient T m of the square 

(f a (w)) 2 = (l-(l-uO Q ) 2 = l-2(l-w) a +a-w) 2a = 2f a (w)-f 2a (w), 
so it equals 

T m ([f a ] 2 ) = 2A a (m) - A 2a (m) 

Hence, dividing by 2A a (m) and taking into account (13.161) and (13.17p . 
we obtain 

(3.21) ^ = l _^J™}. = 1 _ni- a m T -2 a ) 

V ; H~ 2A a {m) r(m-a)r(l-2a)' 1 

The Stirling formula shows that 
(3.22) 

_ A 2a (m) _ r(l-q)r(m-2a) T(l - a) _ Q 
nmj 2A a (m) ~ T(m - a)T(l - 2a) ~ Y{1 - 2a) P[m)m ' 
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where p(m) — > 1. Therefore, 
H - 

(3.23) 



r(m) 



-r(m) 
2 v ; 



H +H+ 2 - r(m) 
for large enough m, i.e., we proved the following. 
Lemma 12. In the above notations, 

(3.24) H'(m) - H + {m) > m~ 1/s (#~(m) + H + (m)) as m^oo. 
By Lemma El for large enough n and | z\ < 1 we have that 

(3.25) = /n(£,O)(l + 0(£,z)), |0(£,z)|<^^, eeX n (0). 

n 

Indeed, if £ = £ r , r = 2, . . . ,m — 1 then (13.251) follows directly from 
Lemma [6j To handle hi(£ l ,z), we write it in the form 



rr 



m— 1 

n 



i 



-n — 2) 2 + z -*--*- 

fc=i 



-n-2 + 2sA;) 2 + 2' 



Then we apply Lemma [6]) to the product on the right and estimate the 
single factor by (—An — 4 + z)~ l = —(An + 4) _1 (1 + 0(l/n). The case 
£ = £ m+1 i s symmetric. 

From f!3T23|) and fl3TTUD it follows that 

(3.26) h x (e, z) + h(C + \ z) = -H-(m) [1 + C>( (log n)/n)] . 
On the other hand, by ( 13 . 141) and (13.251) we obtain that 

m m 

h(c, z) = J2 woo- + z)) = H + (m) + n, 



T=2 



r=2 



where 



$>(rwr>)) 



T=2 

Thus, we have 



T=2 



T 41ogn . 41ogn 
— H^(m)- 



n 



n 



(3.27) 



J2 hi(C, z) = H + (m)\l + 0((\ogn)/n)}. 



T = 2 



Now (13T26|) and (l3T2Tj) give us, for |z| < 1, that 

(3.28) ^ = (H + (m) - H-(m)) [1 + 0((logn)/n)] . 

£GX„(0) 
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3. Next we estimate the ratio of 

\hi(x,z)\ and MO I = H + H+ ■ 

Fix x G X n (K), k>1, and set 

(3.29) r = min [m + 1, min{t : x(t) = -2}] . 
Let 

(3.30) f k =j(k,C), k = l,...m. 

denote the vertices of £ r . 

Next we choose m vertices jk = j(t}~,x) of x so that jk is "close" to 
H as follows. If r = m or r = m + 1 we set jfc = jl, k — 1, . . . , m. If 
t < m we set 

(3.31) t fc = Jfe if 1 < k < r 
and 

(3.32) t k = min{t > r : x) > j%_x}, r + 1 < k < m. 

Let J(x) := (J(t,x))t=i be the sequence of the vertices of x. The 
sequence (Jk)^ = i = (j(tk,x))^ =1 is a subsequence of J(x); let 

/(rr) = («!,..., p = v(x) —m—(l + s)k 

be its complementary subsequence in J(x). Consider the mapping 

(3.33) $ K : X n (n) -> X„(0) x Z^ K , H> K (x) = (f, /(a))- 
Lemma 13. T7ie mapping $ K zs injective. 

Proof. The lemma will be proved if we show that given $> K (x) = (£ T , I(x)) 
we can restore in an unique way the path x (or equivalently, the se- 
quence of its vertices J(x)). 

In view of the construction, if t = m or r = m + 1 then 

J ( x ) = til,---Jm>k,---,ip), P = K^) _m ' 

In the case r < m we have to find the vertices and their places in 
J(x). By (J33U), 

j k = j(k,x)=jl, 1 < k < T. 

Consider the first term k of the sequence I(x). By f 1 3 . 3 2 [) . there is an 
integer pi such that < fi\ < m — r and 

k ~ j* = -2 + 2s-yUi; 

then j k = j(k, x) = j* + 2s(k - r) for t + 1 < k < k t := t + fi 1 . li 
k\ = m we have j(t, x) = i t - m for m + 1 < t < v(x), so J(x) is restored. 
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Otherwise, we set 

Ti = min{t : i t+1 - i t {-2, 2s}, 1 < t < p}. 

From (I3.32p it follows that i%, . . . , i Tl are successive vertices of x, so we 
have 

j{t,x) = i t _ kl , k 1 + l<t<r 1 + k 1 . 
Moreover, there is /i 2 G PJ such that 

Vl+i - Vi = -2 + 2s ■ /i 2 , 

which implies 

jk = i n + 2s(k - fci), h + 1 < k < k 2 := h + /i 2 , 

so 

x) = i T1 + 2s(t — Tx — ki), t x + k x + 1 < t < t x + k 2 . 

In the case k 2 = m we have x) = i 4 _ m for m + Ti + l<t< v(x), 
so J(x) is restored. Otherwise, we set 

r 2 = min{t : i t+1 - i t £ {-2, 2s}, n + 1 <t < p}. 

and continue by induction. □ 

Fix x G X u (k), and let (jfc)feLi and $(x) = (£ T , I(x)) be defined as 
above. Then 

m 

(3.34) h^, z) = n^ 2 - 3k +zr K n ^ 2 - %2 + ^ 

fc=l iG/(a;) 

and by Lemma [6] we have 

m / m \ 

II^ 2 - H + = - ttr 1 (1 + 0((logn)/n)) . 

k=l \k=l J 

On the other hand, by f[3T3Tj) and f l3T32"j) . j fc = j| for 1 < fc < r and 
3k-i < 3k — 3k for t < k < m. Therefore, by Lemma [7] we obtain 

(Since jl = n — 2s(m + 1 — fe), we apply Lemma [7| after changing the 
summation index by fc = m + 1 — fc.) Thus, the above inequalities 
imply that 

m 

(3.35) ^[{n 2 -jl + z)- 1 <Ch{CW">. 

k=l 
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Let X n {n, t) be the set of all x G X„(k) such that ( 13. 29ft holds. The 
sets X n (n, r), 1 < r < m + 1 are disjoint, and 

771+1 



An(K)= (J^n(«,T). 



T=l 



In view of (I3.34p and (13.351) we have 

(3.36) M*>*)i < cv-^Mr)! 5^ n i^-^+^r 1 . 

ieX«(fi,T) x£X„(k,t) i£l(x) 

By Lemma [12] the mapping $ K is injective, so the sequence I(x) - 
(ii, . . . , i p ) is uniquely determined by x G X„(k, r). Moreover, 

I 2 -2 , I \ I 2 -2| i ^ 1 I 2 -2| r I I ^ i 

1 71 — z + z| > |n — i | — 1 > ~\n — i | tor |#| < 1. 
Therefore, 

2^ 



E ni» , - <, +*r 1 ^ E 

i£l„(it,T) i€l(x) h,..,ip^=±n 



n 2 — i\ | ■ ■ • \n 2 — i 2 \ 



'Clogn x p 



w^m s hr) • " = (S + 1)K 



because X^±n I 77,2 ~ ^l^ 1 — (C log n)/n (e.g., see Lemma 10 in [1]). 
Therefore, taking a sum over r = 1, . . . , m+ 1 in (13. 36 p . we obtain the 
following. 

Lemma 14. In i/je above notations, for k — 1,2, ... , 

(3.37) ]T \h x {x,z)\ < Cn 1 -^ (H- + H + ) . 



4. Now we are going to show that the main term of the asymptotics 
of 0+(z), \z\ < 1, is given by H + — H . First we prove the following. 

Lemma 15. In the above notations, for n = sm — 1, we have 
(3.38) 

\h(x,z)\<C(a,b) l ^(^Y(H- (m) + H + (m) ) . 

Proof. If x G X u {k), then v{x) = p + q with p = 1 + sk, and q = m + k, 
so 

/i(a;,z) = a p b q h x (x,z) = ab m {a s b) K hx{x,z). 
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By (pCgp it follows 

\H X , Z )\ < C\a\\b\ m n 1 --(D(n)) K (#"(771) + H + (m)) , 

with D(n) = \a s b\ ( Cl °& n y +1 _ p or large enough n we have D(n) < 1/2, 



so 

DO 



J2 \ h ( x , z )\ ^ ClaWbrn 1 " 1 ^ D(n) (H-(m) + H + (m)) , 

k=1 x&X n (n) 

which completes the proof. 

□ 

Since 

xex n (o) xex n \x n (o) 
Lemma [12] and Lemma [15] lead to the following. 

Proposition 16. In the above notations, for n = sm — 1, we have 

(3.39) f3+(z) = /3+(0)[l + 0((logn)/n)], 

w/iere 
(3.40) 

/3 + (0) = ~ 2gQ&m ^-^-f) fl + o fOognrVn')) 

PrilUJ (2s) 2 -m! r 2 (m-i)r(l-f) l i + t7 U l0 g^ / n W • 

Proof. Indeed, by (13.241) one can easily see that ( I3.39|) follows from 
((SUED and fl3T38|) . 
To prove (I3.40p . let us recall that 

h(Z,0) = H+(m)-H-(m), 

£ex„(o) 

so fl3T38|) and (13T2D imply that 

(3.41) /3+(0) = ab m {H + {m) - H~{m)) (l + O {(\ogn) s+1 / n s )) . 

Therefore, (I3.40p follows from (13. lip and (I3.2ip . which completes the 
proof. □ 

5. Next we estimate (3~(z) for \z\ < 1 - compare Lemma[8]- without 
any restriction like (12. 5 p or (13. ip on n. For every n, if y is a path from 
+n to — n satisfying (13. 3p - (13.41) . then we have —In = —2p + 2sq, i.e., 



(3.42) 



p = n + sq. 
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We define Y n (q) as the set of all paths (13.31) with parameters p, q satis- 
fying (JS32D- Then 

(3.43) #r„(0) = 1 
and the only path rj G Y n (0) is defined by 

(3.44) 7]{t) = -2, 1 < t < n, 
so its vertices are 

(3.45) j(t;r)) = n-2t, 0<t<n. 
Therefore, 

n— 1 

( 3 - 46 ) h M = ]> 2 - (» - 2 *) 2 ] -1 = i^rrjip 

and, due to Lemma El 

n-1 

(3.47) /n(^, ^) = JJ[n 2 - (n - 2t) 2 + z]" 1 = ^(77) [1 + 0{{\ogn)/n)}. 

t=i 

If q > 1, then any path y G ^(?) has a sub-path with s + 1 steps of 
the form (2s, —2, . . . , —2). Indeed, choose 

(3.48) t* = max{t : y(t) = 2s}; 
then t* < u{y) — s — 1, and 

(3.49) y(t) = -2, £* + 1 < i < t* + s. 
Now define a new path y G Y(q — 1) by 



y{t), l<t<t*, 
y(t + l + s), t* <t < v{y) - s. 



(3.50) y(t) 
Then 

(3.51) h x (y, z) = h(y, z) ■ J] [n 2 - (n - f(t, y)) 2 + z}~\ 



t*+s 



t=t 

SO 



\h(y,z)\ < (2n)^ s+1) \hi(y,z)\ for \z\ < 1. 
After g such restructuring we come, in view of (I3.47p . to the inequality 

(3.52) My,z)\ < 2(2n)-^\h 1 ( V )\, \z\ <l,n> N,. 
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If T = max{|a|, |6|}, then - compare (12191) - (12T201) - for y G it 

follows from (13.521) that 

(3.53) 

2T<i( s + 1 ) f T \ q ( s+1 ^ 

\h(y,z)\ = \a^V\M yi z)\ < {2n)q{s+1) \a n h( V )\ = 2\h( V )\ l-j 

As in (12 .2 1 j) . now we can claim that 
(3.54) 

#^)< p r)=(" + t +i) ) s {l- 2)w :;:>: 

Therefore, by (I3.53f) and (13.541) we obtain 
(3.55) E IMV,*)I< 2\h(v)\(«i + °2), 

9>1 y& n {q) 

where for large enough n 
and 

,3,7) ^E^H) f ■ 

Certainly, the inequalities (I3.54p - (I3.57P imply 

(3.58) \Ky,z)\<^- s \h(r,)\, \z\<l. 

Proposition 17. In the above notations, 

(3.59) fi~(z) = /3-(0)(l + 0((logn)/n)), 
where 

( 3 - 6 °) #T(°) = 4 n- 1[(n _ 1)!]2 ( 1 + °(Vn s )). 

Proo/. Indeed, (13T60|) follows from (13T16|) and (133H|) . and (1339|) follows 
from (E26D, (13T60|) . (E3ZD and (l3T58|) . □ 

Theorem 18. For any potential of the form 

(3.61) v(x) = ae~ 2ix + be 2isx , a, b ^ 0, s > 3, 

i/iere zs no fraszs consisting of root functions of Lp er -(v). 



DIVERGENCE OF SPECTRAL DECOMPOSITIONS 



23 



Proof. In view of ( 13 .39 j) . (I3.40j) and (13. 59p . we may apply Criterion |3] to 
the set A = {n = sm - 1, me N}. By (E30D, (13391 and tlie Stirling 
formula, we have 

(3.62) |/?~(0)|/|/?+(0)| < C x n (m!/n!) 2 < C^m 2 ^ m 0, n G A. 

Hence, Criterion |3] implies that there is no basis consisting of root 
functions of L Per - (v). □ 



4. Comments 

Theorems [TT] and [18] claim divergence of spectral decompositions in 
the case of potentials of the form 

(4.1) v(x) = ae~ 2iRx + be 2iSx 

for many pairs R, S such that S. 

If R = S the picture is much simpler; it is similar to the case R = 
5=1 which is analyzed in [7], see Theorem 7 in Section 3 there. 

If R — S > 1, then an admissible path x from — n to n (or from n to 
— n) gives a nonzero term h(x,z) of /3^(z) if and only if x(t) = ±2R. 
Let p and g be, respectively, the number of steps equal to — 2R and 
2R. Then - compare flZT} - (J2ZZD - 

(4.2) 2n = -2Rp + 2Rq = 2R(p + q), 
so 

(4.3) /3-(^) = 0, /?+(/) =0 if n^O modi?, 

Choose N so large that (I1.6P holds and the claim of Lemma [2] is valid 
for n > N. Set 

(4.4) A^ = {n e T ± : n > N, n ^ mod R} 

and let -E(A^) = RanP A ±, where Pa is the projection defined by 

(11. 8p ). Then, in view of (14. 3p . Criterion E] implies that E(Aq) (re- 
spectively E(Aq)) has a basis consisting of periodic (antiperiodic) root 
functions. In particular, this holds for the set A defined by (jl.iop . 
On the other hand, let us consider the set 

Af = {n e T ± , n = Rm, m > N}. 

By Criterion |3] the system of root functions of Lp er ± contains a (Riesz) 
basis in £ 2 ([0, tt]) if and only if E(Af) has a basis consisting of periodic 
(respectively antiperiodic) root functions. 
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One can show using the same argument as in [7J Section 3] (see 
Lemmas 3 and 4, and Propositions 5 and 6 there) that if n G Af, then 

(4.5) fi( ^4^(A)"_^( 1 + ^), ,,,<!, 

(4.6) ©^^(^"^(l^^)), W<1- 

Now Criterion [3] says when E(A^) has a basis consisting of root func- 
tions, which leads to the following generalization of Theorem 7 in [7] . 



Proposition 19. If R is even, then a root function system of the op- 
erator 

d 2 

(4.7) L = — — + ae~ 2iRx + be 2iRx , 

ax 2 

considered with antiperiodic boundary conditions, contains a Riesz basis 
in L 2 ([0,n]). 

If R is odd and L is considered with antiperiodic boundary conditions, 
or R is arbitrary and L is considered with periodic boundary conditions, 
then the system of root functions of the operator L contains a Riesz 
basis in L 2 ([0, 7r]) if and only if 

(4.8) |a| = |6|. 
Proof. By H4.5[) and (14.61) we have 



P+(z) Kb/ V V « 

Then the assertion follows from the simple observation that A+ n 2M 
is an infinite set for any R but Af fl (2N — 1) = if R is even and 
Af n (2N - 1) is infinite if R is odd. □ 
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